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to study the joint evolution of several variables (also called joint-variable trajectories). To
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then to cross the partitions obtained. This approach is unsatisfactory because it does not

Longitudinal data

take into account a possible co-evolution of variable-trajectories.

date, the only way to cluster joint-trajectories is to cluster each trajectory independently,

k-means
Cluster analysis

KmL3D is an R package that implements a version of k-means dedicated to clustering
joint-trajectories. It provides facilities for the management of missing values, offers several

Non-parametric algorithm

quality criteria and its graphic interface helps the user to select the best partition. KmL3D

Joint trajectories

can work with any number of joint-variable trajectories. In the restricted case of two joint
trajectories, it proposes 3D tools to visualize the partitioning and then export 3D dynamic
rotating-graphs to PDF format.
© 2012 Elsevier Ireland Ltd. All rights reserved.

1.

Introduction

A cohort study is a longitudinal study where variables are measured repeatedly over time. For each patient, these variables
evolve over time; they will be referred as the “variabletrajectory”. A standard way to work with variable-trajectories
is to cluster them in order to detect the existence of homogeneous patient subgroups. Many methods have been developed

∗

for this purpose [1–5]. All these methods cluster according to
a single variable-trajectory.
Since cohort studies usually measure a large number of
variables, it might be interesting to study the joint evolution
of several variable-trajectories (also called joint-trajectories).
To date, this has not been possible: the only way to cluster
joint-trajectories is to cluster each variable-trajectory independently, then to consider the combination of the partitions
obtained. In the case of two variable-trajectories (A) and (B)
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the conversion of continuous data into categorical data, after
which the categories obtained can be used, for instance in a
regression model. If the two variables (A) and (B) are linked
in some way, partitions P(A) and P(B) will be correlated. So the
inclusion of P(A) and P(B) in the same regression will lead to
instability of the model. Another weakness of the method is
that partition P(A × B) does not enable detection of groups where
the co-evolution of the two variables is complex. By analogy, consider two classic variables1 A and B (‘classic variable’
opposed to ‘variable-trajectories’) plotted in Fig. 1A. There are
clearly three clusters. If we cluster according to variable A
and then according to variable B , we identify two groups for
A (Fig. 1B, orange and blue) and two groups for B (Fig. 1B, green
and red). The cross-partition resulting from these two clustering procedures is presented Fig. 1C. Four groups are obtained,
but not those found by clustering the two variables jointly
(Fig. 1A). This example underlines the need for a clustering
method that considers several variable-trajectories simultaneously.
In addition, clustering several continuous correlated variables (the trajectories) in a single nominal variable (groups)
summarize information of correlated variable. This makes the
use of this information for further statistical analysis much
easier. For example, a single nominal variable can be used in
a regression (as we show in example “inattention”, Section
2.3) whereas the inclusion of joint trajectories in such model
would not have been possible.
kml3d, from the package KmL3D [6], is a partitioning algorithm that works jointly on several variable trajectories. It is
based on the k-means algorithm [7,8]. It has the same advantages as KmL (management of missing values, several quality
criteria, graphic interface to select the best partition [9,10]). It
also provides 3D tools for visualizing the partitioning of the
joint-trajectories or for exporting 3D rotating-graphs to PDF
format [11].
The rest of this paper is organized as follows: Section 2
presents KmL3D, a new implementation of k-means designed
to cluster joint trajectories. Section 3 contains simulations on
both artiﬁcial and real data. The performances of KmL3D are
compared to the results obtained using classic clustering on
each variable, then considering the cross-partition. Section 4
is the discussion.

Fig. 1 – Clustering two variables jointly (A) or using the
cross-partition (C). (A) Clustering considering A and B
jointly. (B) Clustering A and B separately. (C)
Cross-partition using the clusters found in B. (For
interpretation of the references to color in this ﬁgure legend,
the reader is referred to the web version of the article.)

that need to be considered simultaneously, authors determine
a partition P(A) by clustering only (A) and then they determine a partition P(B) by clustering only (B). Finally, according to
their needs, they either use P(A) and P(B) , or the cross-partition
P(A × B) = P(A) × P(B) . This approach is of limited value for two
reasons. One advantage of classiﬁcation methods is to enable

2.

Materials and methods

2.1.

Algorithm

2.1.1.

Notations

Let S be a set of n subjects. For each subject, m outcome variables Y..A , Y..B ,. . ., Y..M at t different times are measured. Y..A is
called a single variable-trajectory (or variable-trajectory). Several
variable-trajectories (Y..A , Y..B , . . ., Y..M ) considered jointly are
called joint variable-trajectories.
For subject i, the value of Y..A at time j is noted yijA .
The sequence yi.A = (yi1A , yi2A , . . ., yitA ) is called a single

1
We present here an example using classic variables for the
convenience of graphic representation, but all this is directly transposable to variable-trajectories.
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trajectory2 (or trajectory). Several single trajectories yi.. =
⎛
⎞
yi.A
⎜ yi,B ⎟
⎝ . . . ⎠ are called joint trajectories. Overall, yi.. is a matrix
yi.M

⎛

yi1A
y
⎜ i1B

yi.. = ⎜

⎝

yi1M

yi2A
yi2B
..
.
yi2M

...
..

.

...

⎞

yitA
yitB ⎟
⎟ where lines are single variable
..
⎠
.
yitM

⎛

⎞

yijA
⎜ yijB ⎟
trajectories. If j is ﬁxed, the sequence yij. = ⎝
⎠ is called
...
yijM
individual’s state at time j. The individual’s state at time j is
the jth column of the matrix yi.. .
The aim of clustering is to divide S into k homogeneous
sub-groups.

2.1.2.

k-means

k-means is a non-parametric hill-climbing algorithm [12]
belonging to the EM class (Expectation–Maximization) [13]. It
works as follows: initially, each observation is assigned to a
cluster. Then the optimal clustering is reached by alternating
two phases. During the Expectation phase, the centers of each
cluster are computed. The Maximization phase then consists in
assigning each observation to its “nearest cluster”. The alternation of the two phases is repeated until no further changes
occur in the clusters. k-means is non-parametric in the sense
that there is no need to make hypothesis neither on the variables distribution nor on the shape of the means trajectories
of each groups.
In the case of longitudinal data, “cluster centers” are the
mean trajectory of each group, that is to say the mean of all
the individual trajectories that belong to the clusters. For an
individual i, the “nearest cluster” C is the cluster that minimizes the distance between i and the mean trajectory of C.
This concept is strongly related to the concept of distance,
which we will now deﬁne.

ﬁnally to combine these m distances using a function that will
combine the “line-distances”.
More formally, let Dist be a distance function and ||··|| be a
norm. To compute a distance d between y1.. and y2.. according to the ﬁrst method, for each ﬁxed j, we deﬁne the distance
between y1j. and y2j. (distance between the individuals’ state
at time j) as dj. (y1j. ,y2j. ) = Dist(y1j. , y2j. ). This is the distance
between column j in matrix y1.. and column j in matrix y2.. .
The result is a “vector of t distances” (d1. (y11. ,y21. ), d2. (y12. ,y22. ),
. . ., dt (y1t. ,y2t. )). Then we combine these t distances using a
function that algebraically corresponds to a norm |||···|| of the
vector of distance. Overall, the distance between y1.. and y2.. is
d(y1.. ,y2.. ) = || (d1. (y11. ,y21. ), d2. (y12. ,y22. ), . . ., dt. (y1t. ,y2t. )) ||.
To compute a distance d between y1.. and y2.. according
to the second method, for each variable X, we deﬁne the distance between y1.X and y2.X (distance between the individual
trajectories X) as d.X (y1.X ,y2.X ) = Dist(y1.X , y2.X ). This is the distance between line X in matrix y1.. and line X in matrix y2.. .The
result is a “vector of m distances” (d.A (y1.A ,y2.A ), d.B (y1.B ,y2.B ),
. . ., d.M (y1.M. ,y2.M )). Then we combine these m distances by
considering the norm ||···|| of the vector of distance. Overall,
d (y1.. ,y2.. ) = ||(d.A (y1.A ,y2.A ), d.B (y1.B ,y2.B ), . . ., d.M (y1.M. ,y2.M )) ||.
The choice of the norm ||··|| the distance Dist and method d
or d can lead to the deﬁnition of a large number of distances
between y1.. and y2.. . In practice, the standard p-norm for ||··||
and the Minkovsky distance with parameters p for Dist give
the same result: d(y1.. ,y2.. ) = d (y1.. ,y2.. )
Proof.
d(y1.. , y2.. )

=
=
=


p

j
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|y1jX − y2jX |p )

(d.X (y1.X , y2.X ))

p

= d (y1.. , y2.. )

2.1.3.

Distance

k-means can work with various distances: Euclidean, Manhattan, Minkowski (the generalization of the two previous
distances) and many others. Working on joint-trajectories
raises the question of the distance between two jointtrajectories. More precisely, considering the joint-trajectories
of two individuals y1.. and y2.. , we seek to deﬁne d(y1.. ,y2.. ), the
distance between y1.. and y2.. . Strictly speaking, this is the distance between two matrices. Several methods are possible,
we will focus on two. The ﬁrst is to consider the t columns
of the two matrixes, then compute t distances between the t
couples of columns and ﬁnally to combine these t distances
using a function that will combine the “column-distances”.
The second is to consider the m lines of the two matrixes,
then compute m distances between the m couples of lines and

2
Strictly speaking, it should be called single individual trajectory.
But the current practice is to omit the word “individual”.

We can therefore deﬁne the Minkowski distance between two
joint variable trajectories:
Dist(y1.. , y2.. ) =

p


j

X

|y1jX − y2jX |p

(2)

The Euclidean distance is obtained by setting p = 2, the Manhattan distance by setting p = 1 and the maximum distance by
passing to the limit p → +∞. In practice, KmL3D uses Euclidean
distance as the default distance. But it also allows users to
deﬁne their own distance.

2.1.4.

Standardization

Since cohort studies deal with several different kinds of variables, the joint variables cannot be measured on the same
scale. This problem has already been extensively discussed
in the classic (non-trajectory) situation [12]. A possible solution is then to normalize the data. This can also be done
with trajectories. KmL3D provides functions to normalize the
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variable-trajectories. A small difference with the classic situation exists, as each variable-trajectory is not normalized at
each time but in its entirety: let Y (A) and sd(A) be respectively
(A)
the mean and the standard deviation of all yij (for each i and
(A)

j). Then the outcome yij becomes:
(A)

(A)

y ij =

(yij − y(A) )

(3)

sd(A)

The normalized joint trajectory yi.. is obtained by normal(X)

ization of its single trajectories y i. one by one.

2.1.5.

Visualization

The partitioning of longitudinal data allows the identiﬁcation
of homogeneous subgroups. One of the advantages of this
technique is to exhibit the average trajectory of each groups.
These mean trajectories summarize the overall evolution of
the group, thus highlighting speciﬁc behaviors. The obtained
clusters can then be used in statistical analyses, either as an
explanatory or as a dependent variable. It is therefore important to be able to graphically display these typical trajectories.
Working on single-trajectories, the plot is fairly simple: let us
consider a coordinate system (O,x,y). The time is placed on the
axis of abscissa [O,x), the variable is on the vertical axis [O,y).
Drawing joint trajectories is more complex. A graphic representation is possible in the case of two joint-trajectories, by
using a three-dimensional coordinate system (O,x,y,z): time
is on axis [Ox), the ﬁrst variable is on axis [O, y), the third
is on axis [O, z). This gives a 3D representation of the evolution of the joint-trajectories (which explains the name of the
package KmL3D). It is interesting to note that recent developments in pdf format let the user include 3D dynamic graphs in
pdf documents. The user can rotate the graph, changing the
point of view, with the mouse. This can be very convenient to
provide scope for displaying joint-trajectories in Scientiﬁc articles. Examples of this kind of graph are presented Figs. 2a–c
and 3.

2.1.6. Optimal number of clusters, dealing with missing
data, avoiding local maximum
The choice of the optimum number of clusters is based on the
Calinski and Harabatz criterion:
c(k) =

Trace(B) n − k
Trace(W) k − 1

(4)

where B is the matrix of variance between, W the matrix of
variance within, n the number of individuals and k the number
of groups (see Ref. [14] for details). Since the limits of this type
of quality criterion are well known [15], two other criteria are
also available: Ray and Turi [16] and Davies and Bouldin [17].
The Ray and Turi criterion is:
r(k) =

DW
DB

Fig. 2 – Different data set shapes used for generating
artiﬁcial data. (A) Dataset “Three diverging lines”. (B)
Dataset “Three parallel lines”. (C) Dataset “Five lines”.

(5)

where DW, the distance within, is ˙ i Distance(i, center(i)) and
DB, the distance between is DB = mini =/ j (Distance(center(i),
center(j))).

Davies and Bouldin criterion is:
d(k) = Mean(Proximity(cluster(i), clusters(j)))

(6)

where
Proximity(i,
j) = (DistInternal(i) + DistInternal(j))/
(DistExternal(i, j)). The deﬁnition of DistInternal and DistExternal can lead to various measures. In KmL3D, we use the
classic distance “average to the center” for DistInternal and
“distance between centers” for DistExternal.
In addition, a graphic interface enables the user to visualize
the partition obtained.
The management of missing data [18–20] is performed
either by imputing the trajectories or by using distances with
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Fig. 3 – Effect of standard deviation noise using the Jaccard similarity index, according to the shape (black: P3D /blue:
P(A × B) /red: P(A × B-max) ). (For interpretation of the references to color in this ﬁgure legend, the reader is referred to the web
version of the article.)

Gower adjustment [12]. Available imputing methods include
LOCF (Last Occurrence Carried Forward: a missing value is allocated the previous known value), linear interpolation (a line
is drawn between the known values surrounding the missing
ones) or CopyMean (imputation needs two steps: ﬁrst, linear
interpolation is used; then a variation copying the population
mean trajectory is added. For more details, see Ref. [10]).

2.2.

Simulation data

Conventional clustering techniques involve partitioning
the variables one after the other, then considering the
cross-partitions. KmL3D makes it possible to cluster jointtrajectories. In order to compare the efﬁciency of the two
approaches, we compared the procedures on both simulated
and real data. For simplicity, we worked on two variabletrajectories, but kml3d can cater for more.
We worked on 4200 data sets deﬁned as follows: A data
set shape is deﬁned by a number of groups and, for each
groups, two real functions (from R to R). These two functions
deﬁne the typical joint trajectory that follows individuals in
the group. Jointly, they can be considered as a function from
R to R2 which is called the theoretical joint trajectory. For example, if we study the joint evolution of night sleep duration and
hyperactivity, the ﬁrst function is one that associates sleep
duration to each time point, and the second associates a score
for hyperactivity to each time. Together, these two functions
deﬁne the joint-trajectory that associate a pair of data (sleep
duration, hyperactivity) to each time. A data set shape is a
given number of groups and a theoretical joint trajectory for
each group. For our simulations, we deﬁned 3 data set shapes
(Fig. 2A–C):

• 1: In “Three diverging lines”, there are three groups A, B
and C. The theoretical joint trajectories are: fA (k) = (0,0);
fB (k) = (0,k); fC (k) = (k,0) with k in [0:10].
• 2: In “Three parallels lines”, there are three groups A, B
and C. The theoretical joint trajectories are: fA (k) = (0,0);
fB (k) = (4,8); fC (k) = (8,4) with k in [0:10].

• 3: In “Fives lines”, there are ﬁve groups A, B, C, D and E. The
theoretical joint trajectories are: fA (k) = (0,0); fB (k) = (10,10);
fC (k) = (0,10); fD (k) = (k,k); fE (k) = (10,10 − k) with k in [0:10].
Data sets are then created from the data set shape. Initially,
a number of individuals per group is set (either 50 or 200). The
trajectory of an individual is obtained by adding a residual
variation to the theoretical joint trajectory of his group. Individual variations randomly follow a normal distribution with
mean (0, 0) and variance ( 2 ,  2 ). The standard deviation varies
from 1 to 8 by steps of 0.01. Since the distance between two
theoretical joint trajectories is around 10,  = 1 provides some
“easily identiﬁable and distinct clusters” whereas  = 8 gives
some “very overlapping groups”. Overall, 3 (shapes) times 2
(number of subjects) times 700 (standard deviation) give 4200
data sets.
For each data set, we clustered the joint-trajectories using
KmL3D. This partition called joint partition is noted P3D . Then
we constructed two univariates partitions considering each
variable-trajectory separately (using kml from package KmL
[21]). These two partitions are noted P(A) and P(B) . Finally, P(A × B)
is obtained by crossing the two partitions P(A) and P(B) . The partition obtained is called the cross univariate partition. Note that
the number of clusters found by kml is not necessarily the
true number of clusters. For example, on the data shape “ﬁve
lines”, the projection of population (A) is partitioned into four
groups whereas the projection of population (B) is partitioned
into three groups. So we also constructed partitions P(A-max)
and P(B-max) based on the real number of clusters present in
the artiﬁcial data set (5 for the shape “ﬁve lines”, 3 for the
two other shapes). Then P(A × B-max) is the partition obtained
by crossing P(A-max) and P(B-max) . It is called the maximum cross
partition (maximum referring to the number of clusters). This
partition may seem irrelevant for the detection of clusters and
present quite a large number of clusters (25 in the case of
“ﬁve lines”), but because it is the current method used in the
processing of joint trajectories, it is important to consider its
performances.
To check the quality of the procedure, we compared the
partition it found with the true partition, PTRUE (on artiﬁcial
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Table 1 – Average Jaccard similarity index, according to
the shape.
Dataset shape

P3D

P(A × B)

P(A × B-max)

3 Diverging
3 Parallel
5 Lines

0.86
0.90
0.91

0.83
0.61
0.81

0.36
0.67
0.47

2.4.

Fig. 4 – Joint trajectories of inattention evaluate by the
mother (Y) or the teacher (Z).

data, PTRUE is known). The closer a partition is to PTRUE , the
better is its quality. The similarity index that assesses the
proximity between the partition and PTRUE is the Jaccard index
[22,23].

2.3.

Real data

Our ﬁrst real example is derived from Ref. [24]. The objective
of the study was to determine the link between inattention
and high school graduation, as inattention was shown to be
predictive of educational attainment [25,26]. The participants
consisted of 2000 children (1001 boys) randomly selected from
respondents in a larger representative sample of kindergarten
children from the province of Quebec, in 1986–1987. Children
were rated on one side by the teacher and on the other side by
the mother. The rating was performed using the Social Behavior Questionnaire (SBQ) [27] each year between kindergarten
and sixth grade either by teachers or by mothers, which provided seven assessments between the ages of 6 and 12 years.
These two assessments were highly correlated so they could
not both be used as predictors for high school graduation.
Three partitions can be computed: the ﬁrst (Mr) uses
mother ratings alone (by KmL), the second (Tr) is computed
using teacher ratings alone (by KmL), the third (MTr) uses
dimensional trajectories with assessments from both informants (by KmL3D, see Fig. 4). All three partitions present four
groups. Since the different quality criteria all disagree on the
number of groups, the choice was based on the literature and
according to expert advice. They are close to each other, but
there are some differences. They give the estimations of three
models that are presented in Table 2. As expected from the literature, teacher assessments of inattention were clearly more
predictive than maternal assessments. Taking into account
both informants improved the ﬁt of the model as shown by the
decrease in the Akaike Information Criterion (AIC). Furthermore, a higher pseudo R-squared indicates which model better
predicts the outcome (when compared to a pseudo R-squared
on the same data, predicting the same outcome, which is the
case here). In the present case, model 3 with three dimensional trajectories based on both informants had the highest
pseudo-R2 .

Real data “sleep duration”

Our second example is derived from Touchette et al. [28]. In
a sample of 2057 children aged 1.5–5 years, night-time sleep
duration and hyperactivity were measured yearly by questionnaires administered to mothers. The aim of the study
was to investigate the developmental trajectories in relation to night-time sleep duration and hyperactivity over the
preschool years.

3.

Results

3.1.

Simulated data

Table 1 and Fig. 3 show the results. The example “three
diverging” represents trajectories for which the co-evolution
corresponds to a simple crossover of the two variabletrajectories. Not surprisingly, both methods joint partition P3D
and cross partition P(A × B) give good results. Maximum cross
partition P(A × B-max) gives the worst results. “Three parallel”
presents an illusion of simplicity. In practice, the noise added
to the trajectories makes it difﬁcult to reconstruct the clusters when each variable is considered independently. The
joint partition exhibits good performances (fairly close to those
obtained on “Three diverging lines”). The cross partition and
maximum cross partition gives less good results. “Five lines”
is an example representing a more complex co-evolution of
the two variables. Once again, joint partition gives good results,
cross partition is not as good and maximum cross partition is the
worst.

3.2.

Real data “inattention”

All three partitions present four groups. They are close to each
other, but some differences exist. They lead to the estimation
of three models that are presented Table 2. Group ‘Inattention
A’ is the reference. As expected from the literature, teacher
assessments of inattention were clearly more predictive than
maternal assessments. Taking into account both informants
improved the prediction with higher odds ratios, in particular
for the two highest trajectories, as well as better ﬁt statistics
(including the pseudo-R2 ).

3.3.

Real data “sleep duration”

Using KmL on the single trajectory variables gives results
very close to those computed using Proc Traj published
in the article. Conversely, the analysis of the joint trajectories with KmL3D gives very different results from those
obtained by crossing the single variable partitions. If we
compare the crossed partition with the kml3d partition, we
ﬁnd that only 948 individuals (out of 1917) are classiﬁed in
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Table 2 – Prediction of high school graduation failure according to inattention.
Mother ratings (Mr)
%
Inattention A
Inattention B
Inattention C
Inattention D
AIC
Nagelkerke Pseudo-R2

12.9%
24.1%
43.5%
63.6%
1888.9
0.27

aRR
1.67***
2.81***
3.73***
1752.7
0.35

95% CI
1.30–2.14
2.22–3.55
2.93–4.74
1714.2
0.38

Teacher ratings (Tr)
%
9.9%
32.9%
45.4%
69.2%

aRR
2.85***
3.86***
5.52***

Mother and teacher ratings (MTr)

95% CI

%

aRR

2.22–3.67
3.05–4.88
4.40–6.91

8.4%
23.5%
48.8%
67.8%

2.52***
4.74***
6.48***

95% CI
1.89–3.37
3.64–6.17
5.01–8.37

Note: Percentages of participants failing to graduate in each trajectory are presented the ﬁrst column of each model (%). Odds ratios tend to
overestimate the risk for common outcomes [29] which is the case here; we present risk ratios instead. Unadjusted risk ratios can be calculated
by simply dividing the percentages in each trajectory (e.g. for mother ratings, the risk ratio for not graduating when comparing participants in
the high [D] and the low reference group [A] is 63.6/12.9 = 4.9). Adjusted risk ratios were estimated by ﬁtting a Poisson regression to the binary
outcome, using a sandwich estimator of variance to estimate conﬁdence intervals (95% CI).
∗∗∗
<.001.

the same way, which is slightly less than 50%. The Jaccard
similarity index between the two partitions is 0.25. In addition, KmL3D suggests the use of 4 groups instead of 12,
in which individuals would be divided as follows: A: 28.8%
[hyper = medium high/sleep = high]; B: 28.2% [hyper = medium
low/sleep = low]; C: 27.5 [hyper = low/sleep = high]; D: 15.4%
[hyper = high/sleep = low].

4.

Discussion

This article presents the package KmL3D, a version of k-means
adapted to the analysis of joint-trajectories. Our package
works on R platform and is available at Ref. [6]. Like KmL, it
is able to deal with missing values, it provides an easy way
to run the algorithm several times and its graphical interface
helps the user to choose the appropriate number of clusters
when criteria traditionally devoted to this task are not efﬁcient. It also provides 3D devices for displaying and exporting
results. Clustering trajectories is a major issue for statistical analysis of cohort studies. It makes it possible to deﬁne
the typical trajectories that follow a population (for instance
typical trajectories for inattention). It also summarize several
continuous correlated variables (the trajectories) in a single
nominal variable (groups) which are easier to use for further
statistical analysis (such as modeling high school graduation
using typical groups for inattention).
The classic approach to cluster joint-trajectories is to ﬁnd
a univariate partition for each variable-trajectory, then to
consider the cross univariate partition. KmL3D clusters data
taking into account the co-evolution of the trajectories. To
evaluate the effectiveness of the method, we compared it to
the classic approach. On artiﬁcial data (data for which the
group structure is known), the performance of kml3d was
clearly better than conventional techniques.
These performances can be partly explained by the fact
that the groups in our 3D examples were quite different from
those obtained by crossing univariate partitions. It is thus reasonable to ask whether such situations exist in reality. A real
example shows that indeed, partitions obtained with kml3d
differ from the crossed univariate partitions.
We also explored the impact of the method on the inclusion of groups in a regression. For this, we used real data.

The results show that taking into account the co-evolution
of variable trajectories improves the understanding of the
development of a behavior as well as giving a more accurate
estimation of its predictive value.

4.1.

Limitations

The limitations of KmL3D are inherent to all clustering algorithms. These techniques are mainly exploratory; they cannot
statistically test the reality of cluster existence. Moreover, the
determination of the optimal cluster number is still an unsettled issue. The EM-algorithm can also be particularly sensitive
to the problem of local maximum. KmL3D provides some tools
to “see” the joint trajectories in 3D, but these tools can only display 2 variables at the same time. This might be a problem for
clustering data using more than two joint variables. Finally,
KmL3D is not model-based, which can be an advantage (non
parametric, more ﬂexible) but also a disadvantage (no scope
for testing goodness of ﬁt).

4.2.

Advantages

KmL3D provides a way to cluster data according to several joint
trajectories. This can help to highlight relationships between
complex–variable-trajectories. It could also enable the combining of information available into two strongly-correlated
variable-trajectories.
In addition, KmL3D also inherits all the improvements of
KmL: as a non-parametric algorithm, it does not need any prior
information and it avoids the issues related to model selection. It enables the clustering of trajectories that do not follow
polynomial trajectories.

4.3.

Perspectives

A number of unsolved problems need investigation. The optimization of cluster number, a long-standing and important
question, is becoming a more and more crucial issue since
it is not possible to graphically represent the result of the
partitioning process. Perhaps the particular situation of joint
longitudinal data could lead to an efﬁcient solution not yet
found in the general context of cluster analysis. Another interesting approach would be to cluster trajectories (still in a
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non-parametric manner) with adjustment on covariates. This
would reduce the overall variance and thus makes cluster
detection more efﬁcient.
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